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Improved Indirect Method for Air-Vehicle
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An improved indirect method is presented for air-vehicle vertical-plane, two-point boundary-value trajectory
optimization. The performance index is related to minimizing an integral weighted sum of quadratic terms in
aerodynamic angle and propulsive thrust, modified to exclude all penalties associated with non-maneuvering flight.
For this index, costate rates are constants if the dynamic model is continuous, assuring costate system stability,
increasing radii of convergence in costate initializations, and facilitating propagation of costates. A multimodal,
four-dimensional search initializes costates using predictive trajectory shooting. Multiple modes of the costate
space are investigated in the search via simultaneous, parallel threads of computation. Within each thread, trial
variances are adjusted adaptively to find a modal region of global quality and converge rapidly toward its best
point. Costate-rate adaptation refines the initialization and subsequently provides compensation for identifiable
changes in system parameters. Collocated analytical solutions, polynomial networks, and neural models are not
used. Simulation results are presented for ascent and descent maneuvers of a notional unmanned air vehicle.

Nomenclature
b10, . . . , b53 = coefficients within costate differential

equations
CA = axial force coefficient
CNα

= slope of normal force coefficient relative
to α

f1, . . . , f5 = anholonomic subsidiary conditions
g = acceleration of gravity
h = altitude above mean sea level
K1, K2 = reciprocals of constant Lagrange

multipliers
m, m loss = vehicle mass, mass loss during maneuver
ṁT = thrust-specific mass-flow rate
n = iteration number in search thread
Q1, Q2, Q3 = penalty weights in search score function
q̄ = dynamic pressure
T = thrust
t, t0, ta, t f , = time, time at start of trajectory, effective

time of costate rate adaptation, final time,
midmaneuver initial time, effective time
of costate initialization, time remaining

ti , ts, tgo

u = horizontal component of velocity
V = resultant velocity magnitude
v = vertical component of velocity
x = horizontal distance
α = aerodynamic angle of attack
γ = flight-path climb angle
�t = simulation integration interval
�ta = costate-rate adaptation interval
η1, η2 = V cos θ , V sin θ
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θ = pitch attitude of zero-lift axis relative to
horizontal

λ1, . . . , λ5 = time-dependent Lagrange multipliers
(costates)

ρ = atmosphere density
ψ = search score

Subscripts

m = trim value for minimum steady-state
thrust required

tr = trim value for externally prescribed V

I. Introduction

T RAJECTORY optimization is important in air-vehicle devel-
opment, operations planning, airspace traffic management, and

in-flight guidance. Two-point boundary-value (TPBV) dynamic tra-
jectory optimization is appropriate for precise, fuel-efficient, altitude
and route changes as part of airspace management and for maneu-
vers associated with intercepts, landings, formation flight, endoat-
mospheric ascent into orbit, and reentry. A numerical search process
is necessary to obtain solutions for such applications because air-
vehicle equations of motion are highly nonlinear. The search gener-
ally involves multiple predictive calculations of opposite-boundary
states, a procedure known as multiple shooting.

A direct method of solution typically treats point-by-point values
of vehicle control variables, such as angle-of-attack α and thrust T ,
or any suitable set of basis functions that relate to variations of the
controls with time. These become the search independent variables,
the objective being to extremize a utility function involving trajec-
tory errors and costs of control. An indirect method, if associated
with the calculus of variations, transforms the TPBV trajectory prob-
lem into one of numerical search for appropriate values of costates
(time-varying Lagrange multipliers) at a trajectory boundary. The
states and costates at a boundary determine the trajectory uniquely
in the absence of disturbances and unforeseen vehicle or atmosphere
changes.

TPBV solution methods require fast and reliable search conver-
gence, particularly if online solutions are contemplated. However,
the search spaces, whether for direct or indirect solutions, are gen-
erally multimodal and nonunique and usually have small radii of
convergence, and such can place a premium on estimating good
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first-iterate parameter vectors. In that connection various investiga-
tors have studied homotopy analysis, analytical collocation, poly-
nomial networks, and/or neural modeling. Additionally, there have
been efforts to improve the search engines themselves.

This paper presents an improved indirect method for air-
vehicle TPBV trajectory optimization that incorporates two primary
developments:

First, a modified integral performance index is specified that leads
to minimization of propulsive effort and the dissipative effects of
air resistance, which are defined relative to steady-state, minimum-
thrust-required, trimmed flight for the time-varying values of alti-
tude h, velocity V , climb angle γ , and vehicle mass m along the
extremal path. The modified index penalizes only the incremental ef-
fort required by a maneuver and not the effort involved in sustaining
minimum-thrust-required static equilibrium. (A null costate vector
is associated with maintenance of this trimmed condition.) For the
modified index, costate time derivatives are found via the calculus
of variations to be constants if the system dynamic model has no dis-
continuities such as can result from vehicle staging or impairment.
Constant rates assure stability of the costate system, thereby in-
creasing radii of convergence in costate initialization searches, and
facilitate propagation of costates between time boundaries. With
costate stability, trajectory behavior is not overly sensitive to small
changes in initial costates. Previously, indirect methods sometimes
required convergence to a precision of many significant figures, and
often evidenced bifurcation of trajectory responses and other forms
of system chaotic behavior for minute costate changes.

Second, a probabilistically controlled parallel-computation ran-
dom search has been developed that rapidly solves the multi-
modal, four-dimensional costate initialization problem for vertical-
plane trajectories. The first iterate for this search is arbitrary and
does not require help from collocated analytical solutions, poly-
nomial networks, or neural models. The probability distribution
for successive trials is centered on the location of the current
best trial. An important characteristic of the search algorithm is
its trial-variance control, which opens the search with large trial
variances and gradually shrinks the variances as the search pro-
gresses. The algorithm investigates multiple modes of the search
space via simultaneous, parallel threads of computation. The first
thread to produce an iterate that satisfies a final boundary accep-
tance criterion (based on predicted final position; velocity; and, in-
directly, fuel consumption) returns that iterate as the initialization
result.

In the mid 1950s an F-104 was flown to a world altitude record
while piloted manually along a predetermined optimum Mach
vs altitude schedule. Development of this schedule had required
painstaking cut-and-try searches by analysts seeking values of ini-
tializing costates for three sequential trajectory segments. The F-104
program and other successes drew attention to the potential of tra-
jectory optimization via the calculus of variations. Later, steepest-
descent searches were investigated for costate initialization, but
lacked necessary multimodal capabilities. A perception gradually
took root that indirect methods are awkward and have little future
for real-time solutions. Except for studies of the use of polynomial
networks and neural models for costate initialization,1−6 modern
research interest has turned largely toward direct methods, which
also can lead to multi-modal search problems.

Table 1 T, λ̇1, and λ2 from E–L conditions applied to four performance indices

Case Criterion Integranda T λ̇1 λ2

1 T 2/K + ∑
λn fn bKλ1/2 2a2V λ1 − λ2 Constant

2 T 2/K + M λ̇2
1
+ ∑

λn fn bKλ1/2 2a2Vi λ1i − λ2 Constant

3 (T − a2V 2/b)2/K +
∑

λn fn bKλ1/2 + a2V 2/b −λ2 Constant

4 (T − a2V 2/b)2/K + M λ̇2
1
+ ∑

λn fn bKλ1/2 + a2V 2/b −λ2 Constant

a
∑

λn fn = λ1(V̇ + a2V 2 − bT ) + λ2(ẋ − V ).

Much of the recent literature on trajectory optimization relates to
endoatmospheric closed-loop guidance for purposes of orbital inser-
tion, reentry, and landing.6−13 Direct methods dominate that work,
and current emphasis is placed on use of collocated solutions as
first iterates in trajectory parameter searches. Polynomial networks
and neural models continue to receive attention, but must be synthe-
sized using a library of optimum TPBV solutions, raising questions
of how those solutions should be obtained and how representative
the library will be.

In Ref. 14, a modification of one-dimensional costate differen-
tial equations is investigated that promotes their stability (although
with some sacrifice in optimality), but its approach is difficult to
apply to the linked differential equations in problems of higher
dimensionality.

In Refs. 15–20, parameter space search techniques relevant to the
present study are dealt with specifically.

II. One-Dimensional Motivational Example
To illustrate the selection of performance criteria for indirect

method variational calculus solutions, consider the one-dimensional
nonlinear system discussed in Ref. 16,

V̇ + a2V 2 = bT (1)

ẋ = V (2)

where V is velocity, x is displacement, T is thrust, and a2 and b are
assumed to be positive constants. Take as the performance criterion
to be minimized ∫ t f

t0

F(T, V, V̇ , ẋ) dt (3)

If F is written as16

F = T 2/K + λ1

(
V̇ + a2V 2 − bT

) + λ2(ẋ − V ) (4)

wherein K is a positive constant and λ1 and λ2 are the costates,
the applicable Euler–Lagrange (E–L) first-variation necessary con-
ditions (see Ref. 21) yield the governing relationships shown in the
first row (case 1) of Table 1. Thus, for the conventional performance
index used in case 1, λ̇1 = 2a2V λ1 − λ2, λ2 is constant, T = bKλ1/2,
and it is obvious that the λ̇1 costate differential equation is unstable
for V > 0.

Three modified performance indices that lead to stable behav-
ior of the costate system are also summarized in Table 1. For these
it is seen by inspection that λ̇1 is constant. In case 2, an isoperimetric
integral of M λ̇2

1 is added to the index, M being a positive-definite,
constant Lagrange multiplier, so that the index penalizes nonzero
values of λ̇1. The λ1 E–L condition now requires that λ̇1 be a con-
stant, specifically 2a2V (t ′)λ1(t ′) − λ2, where t ′ is any discrete time
t0 ≤ t ′ ≤ t f . (In Table 1, t ′ = t0.) Note that λ̇1 is a different constant
when propagating forward in time than when propagating backward,
unless a2 = 0. The costate system for case 2 is clearly stable. In case
3, the static equilibrium value of T , that is, a2V 2/b, is subtracted
from T in the quadratic guidance effort penalty. Now the criterion
penalizes perturbations of thrust relative to static equilibrium, and
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one obtains λ̇1 = −λ2 = constant (without the M λ̇2
1 penalty in the

integrand), and so again the costate system is stable. The velocity
is not specified, and if V changes for any reason, thrust will tend to
change to a new (trim) equilibrium level. Case 4 combines the two
modifications in a single performance index. Results for cases 3 and
4 are identical, but the combined index of case 4 has utility for more
complex applications. Cases 2–4 provide stabilization of the costate
system. It is particularly significant that a classical T 2 penalty does
not provide assurance of costate stability in this example unless the
integrand is augmented by a λ̇2 penalty.

The general t f transversality condition21 for the one-dimensional
system is

(FṪ ) f (δT f − Ṫ f δt f ) + (FV̇ ) f (δV f − V̇ f δt f )

+ (Fẋ ) f (δx f − ẋ f δt f ) + (
Fλ̇1

)
f

(
δλ1 f − λ̇1 f δt f

)
+ (

Fλ̇2

)
f

(
δλ2 f − λ̇2 f δt f

) + Ff δt f = 0 (5)

and if t f is a fixed time, that is, δt f = 0, this condition reduces to
λ1 f δV f + λ2δx f = 0 because (FṪ ) f = (Fλ̇1

) f = (Fλ̇2
) f = 0 and M

may be set to an arbitrarily small value. Thus, if V f and x f are both
specified a priori, δV f = δx f = 0 and λ1 f and λ2 are free (unaffected
by the transversality requirement). However, if either V f or x f is
specified, but not both, λ2 must be zero if V f is specified, and λ1 f

must be zero if x f is specified.

III. Two-Dimensional Trajectory Optimization
A. Equations of Motion

Nonrotating Cartesian coordinates are used because air-path
coordinates can introduce inherent instability within the system
of costate differential equations. In the normal Earth-fixed axis
system,22 given subsonic motion restricted to a vertical plane with
a flat, nonrotating Earth and constant acceleration of gravity, the
force-balance equations, written in the form of dynamic constraints
f1 and f2, are

f1 = u̇ − [(
T − C1ρV 2

)
η1 − C2ρV 2αη2

]/
(mV ) = 0 (6)

f2 = v̇ + g − [(
T − C1ρV 2

)
η2 + C2ρV 2αη1

]/
(mV ) = 0 (7)

C1 and C2 are defined as CA S/2 and CNα
S/2, respectively, and the

nondimensional force coefficients CA and CNα
are here assumed

to be constant, although in practice they may also be functions of
α, h, Mach number, and other variables. S is the reference area, and
thrust is assumed to act along the zero-lift axis. Effects of quasi-
steady winds and random gusts are not considered in this paper.
Although in actuality the dynamic responses of α and T to guidance
commands are not instantaneous, they are assumed to be so in the
present study.

In Eqs. (6) and (7), η1 and η2 are defined as

η1 = V cos(γ + α) = u cos α − v sin α (8)

η2 = V sin(γ + α) = u sin α + v cos α (9)

where V = √
(u2 + v2) and γ = tan−1(v/u).

The quantity (T − C1ρV 2) is the net axial force, and the normal
force is modeled as C2ρV 2α. In this paper, α is restricted to the range
±30 deg. A trigonometric relationship23 could be used to express
the normal force with greater generality.

The kinematic constraints are

f3 = ẋ − u = 0 (10)

f4 = ḣ − v = 0 (11)

and the mass rate balance equation is

f5 = ṁ − ṁT T = 0 (12)

in which ṁT is assumed to be a constant thrust-specific mass-flow
rate (ṁT < 0).

If maximum altitude is restricted to 12,000 m, the U.S. standard
atmosphere density (which itself is subject to errors of as much as
±15% depending on time and location) may be approximated within
±3% by the exponential function

ρ = ρSL(1 − Bh/θSL)(g/RB − 1) (13)

in which ρSL = 1.225 kg/m3 is the density at sea level, B =
0.0065 K/m is the temperature lapse rate with altitude, R =
287.053 m2/s2/K is the gas constant, and θSL = 288.15 K is the
atmosphere absolute temperature at sea level. The gradient of ρ(h)
is

ρh = ρ(B − g/R)/(θSL − Bh) (14)

B. Trim Conditions
A starting trim condition for vertical-plane trajectories may be

that which minimizes the steady-state thrust required to maintain
force balance at given m0, h0, and γ0. When trimmed, u̇0 = v̇0 = 0.
One may solve iteratively24 for α and V (here denoted αm0

and Vm0
)

that provide minimum Tm0
. For small α the iteration involves:

αm0
= [

m0g cos
(
γ0 + αm0

)]/(
C2ρ0V 2

m0

)
(15)

V 2
m0

= m0g
[
−sin

(
γ0 + αm0

)
+

√
sin2

(
γ0 + αm0

) + (4C2/C1) cos2
(
γ0 + αm0

)]/
(2C2ρ0)

(16)

after which

Tm0
= C1ρ0V 2

m0
+ m0g sin

(
γ0 + αm0

)
(17)

The trim solution for an externally prescribed m, h, γ , and V may
be obtained by numerical iteration of

αtr = [mg cos(γ + αtr)]
/(

C2ρV 2
)

(18)

after which

Ttr = C1ρV 2 + mg sin(γ + αtr) (19)

An alternative starting trim solution for unthrusted cases is
that for maximum steady-state glide range. To maximize the
lift/drag ratio,23 CLW /CDW , where CLW = −CA sin α + CN cos α
and CDW = CA cos α + CN sin α, if CA and CNα

are constants, the
best αm0

is the smallest positive root of the equation

2C2(C2 − C1)αm0
sin αm0

+ [
α2

m0
− C1(1 + C1/C2)

]
cos 2αm0

= 0
(20)

When this equation is solved iteratively, a suitable first approxima-
tion to the desired root is

αm0
=

√
C1(1 + C1/C2)/[1 + 4(C2 − C1)] (21)

Note that αm0
for maximum steady-state glide range is a function

solely of vehicle aeroparameters. With αm0
known, the values of um0

and vm0
and γm0

and Vm0
are readily computed from the equations

of motion with u̇0 and v̇0 set to zero.

C. Performance Index
The two-dimensional, TPBV performance index that is to be min-

imized is, when expressed in Lagrange form,∫ t f

t0

F(α, T, u, u̇, v, v̇, x, ẋ, h, ḣ, m, ṁ, λ1, . . . , λ5, λ̇1, . . . , λ̇5) dt

(22)
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in which the costates, λ1, . . . , λ5, are, in general, functions of time.
The final time t f is here treated as fixed, and the specific integrand
used is

F = �1 + (α − σ1αtr)
2

K1

+ (T − σ2Ttr)
2

K2

+
5∑

n = 1

(
λn fn + Mn λ̇

2
n

)
(23)

where f1, . . . , f5 are given by Eqs. (6–12) and �1, K1, K2, and
M1, . . . , M5 are positive constants. �1 pertains only to minimum-
time solutions and is set to zero in the present application. The
constants σ1 and σ2 are 0, 1 switches (constant at zero or one) that
provide alternative formulations for confirmation of the theory; these
are both unity in the present application.

The parameters αtr and Ttr in Eq. (23) are the instantaneous trim
values from Eqs. (18) and (19), which have the following nonzero
partial derivatives required later in derivation of the costate differ-
ential equations:

αtru = −mg
(

cos αtr − 3η1tr u
/

V 2
)/

[
1 + mgη2tr

/(
C2ρV 3

)]/(
C2ρV 3

)
(24)

αtrv = −mg
(

sin αtr + 3η1trv
/

V 2
)/

[
1 − mgη2tr

/(
C2ρV 3

)]/(
C2ρV 3

)
(25)

αtrh = −mgρh[cos(γ + αtr)]
/(

C2ρ
3V 3

)
(26)

αtrm = g[cos(γ + αtr)]
/(

C2ρV 2
)

(27)

Ttru = 2C1ρu + mg[cos(γ + αtr)]
(
αtru − v

/
V 2

)
(28)

Ttrv = 2C1ρv + mg[cos(γ + αtr)]
(
αtrv + u

/
V 2

)
(29)

Ttrh = C1ρh V 2 + mg[cos(γ + αtr)]
/(

C2ρV 2
)

(30)

Ttrm = g sin(γ + αtr) (31)

D. Angle-of-Attack and Thrust Commands
The E–L first-variation necessary conditions21 for α(t) and T (t)

over the interval ti ≤ t ≤ t f reduce to Fα = 0 and FT = 0, respec-
tively. Casual application of these conditions would produce cou-
pled, nonlinear equations for α and T , leading to serious uniqueness
problems. An alternative is to linearize the command functions rel-
ative to a moving operating point (αtr, Ttr).

First, for the T (t) manipulable (control) variable, the general E–L
condition is readily shown to yield

2(T − σ2Ttr)/K2 − (λ1η1 + λ2η2)/(mV ) − λ5ṁT = 0 (32)

which provides

T = σ2Ttr + K2[(λ1η1 + λ2η2)/(mV ) − λ5ṁT ]/2 (33)

and for the α(t) freedom, the general E–L condition is

2(α − σ1αtr)/K1 − λ
{[

(T − A)η1α
+ Nα

(
η2 + αη2α

)]/
(mV )

}
− λ2

{[
(T − A)η2α

− Nα

(
η1 + αη1α

)]/
(mV )

} = 0 (34)

where A = C1ρV 2 and Nα = C2ρV 2. However, η1α
= −η2, and

η2α
= η1, so Eq. (34) becomes

α = σ1αtr + K1{λ1[−(T − A)η2 + Nα(η2 + αη1)]

+ λ2[(T − A)η1 − Nα(η1 − αη2)]}/(2mV ) (35)

From Eqs. (8) and (9), substituting the definition of pitch atti-
tude, θ = γ + α, one has η1 = V cos θ and η2 = V sin θ . For a small
perturbation �θ at t, �θ = �α because γ cannot change in a zero
time interval as can (considered on a trajectory-guidance timescale)

α and T . Accordingly, for perturbations of α and T relative to
trim,�α = α − αtr = θ − θtr and�T = T − Ttr. Thus, from Eqs. (33)
and (35)

T = σ2Ttr + �T = σ2Ttr + K2{[λ1 cos(θtr + �α)

+ λ2 sin(θtr + �α)]/(mV ) − λ5ṁT }/2 (36)

α = σ1αtr + �α = σ1αtr + K1{λ1[−(T − A) sin(θtr + �α)

+ Nα sin(θtr + �α) + Nα(αtr + �α) cos(θtr + �α)]

+ λ2[(T − A) cos(θtr + �α) sin(θtr + �α)

+ Nα(αtr + �α) sin(θtr + �α)]}/(2m) (37)

If �α is small

cos(θtr + �α) = cos θtr − �α sin θtr (38)

sin(θtr + �α) = sin θtr + �α cos θtr (39)

so that, defining

P1 = λ2 cos θtr − λ1 sin θtr = [λ2(u cos αtr − v sin αtr)

− λ1(v cos αtr + u sin αtr)]/V (40)

P2 = λ1 cos θtr + λ2 sin θtr = [λ1(u cos αtr − v sin αtr)

− λ2(v cos αtr + u sin αtr)]/V (41)

one has

T = σ2Ttr + �T = σ2Ttr + K2[(P2 + P1�α)/(mV ) − λ5ṁT ]/2

(42)

α = σ1αtr + �α = σ1αtr + K1[(T − A − Nα)(P1 − P2�α)

+ Nα(αtr + �α)(P2 + P1�α)]/(2m) (43)

When Eqs. (42) and (43) are combined while the term in (�α)2

is discarded,

α = σ1αtr + �α

= σ1αtr + K1({σ2Ttr + K2[(P2 + P1�α)/(mV ) − λ5ṁT ]/2

− A − Nα}(P1 − P2�α) + Nα[αtr P2 + (αtr P1 + P2)�α])/(2m)

(44)

so that

�α = K1

2m

{[
σ2Ttr + K2

2

(
P2

mV
− λ5ṁT

)
− A − Nα

]
P1 + Nααtr P2

}

+ K1

2m

{
K2

2

(
P2

1

mV

)
−

[
σ2Ttr + K2

2

(
P2

mV
− λ5ṁT

)

− A − Nα

]
P2 + Nα(αtr P1 + P2)

}
�α (45)

which yields

�α = G1/G2 (46)

where, if

G0 = σ2Ttr + K2[P2/(mV ) − λ5ṁT ]/2 − A − Nα (47)

then

G1 = K1(G0 P1 + Nααtr P2)/(2m) (48)

G2 = 1 − K1

[
K2 P2

1

/
(2mV ) − G0 P2 + Nα(αtr P1 + P2)

]/
(2m)

(49)
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Under rare circumstances, G2 → 0, and care must be taken to avoid
singularity of �α. One approach is to set very tight limits on �α as
G2 approaches zero.

When �α has been obtained, Eq. (33) may be used to compute
T . However, if T (t) = Tsch(t), scheduled independently of the opti-
mization process, Eq. (45) becomes

α = σ1αtr + �α = σ1αtr + K1{(Tsch − A − Nα)(P1 − P2�α)

+ Nα[αtr P2 + (αtr P1 + P2)�α]}/(2m) (50)

and, in Eq. (46) for �α, the parameters G1 and G2 are replaced with

G ′
1 = K1[(Tsch − A − Nα)P1 + Nααtr P2]/(2m) (51)

G ′
2 = 1 − K1[ − (Tsch − A − Nα)P2 + Nα(αtr P1 + P2)]/(2m) (52)

Because of physical limits in attainable α̇ and Ṫ , and the assumption
that �α is small, one must limit the changes in α and T during each
�t interval between updates in the solutions, that is,

|�α|/�t ≤ | α̇|max (53)

|�T |/�t ≤ |Ṫ |max (54)

Moreover, α and T are subject to magnitude limits

αmin ≤ α ≤ αmax (55)

Tmin ≤ T ≤ Tmax (56)

Whenever T is at a limit, Eqs. (51) and (52) should not be used
for computation of �α.

E. Costate Differential Equations
The costate differential equations (CDEs) are obtained from

the E–L necessary conditions applicable to the u, v, x, h, m, and
λ1, . . . , λ5 freedoms. It is readily shown that the first five of these
equations have the generic form

λ̇ j = b j0 + b j1λ1 + · · · + b j5λ5

j = 1, . . . , 5, ti ≤ t ≤ t f (57)

in which

b j0 = ∂
[
�1 + (α − σ1αtr)

2
/

K1 + (T − σ2Ttr)
2
/

K2

]
∂z j

(58)

b jk = ∂
(∑

k λk fk

)
∂z j

(59)

z j being the j th element of z = [u, v, x, h, m]T .
Derivation of the coefficients in the CDEs, which is tedious but

straightforward and omitted here in the interest of brevity, yields

b10 = −2(α − σ1αtr)σ1αtru

/
K1 − 2(T − σ2Ttr)σ2Ttru

/
K2 (60)

b11 = [−(
T − C1ρV 2

)
η2v

/
V 2 + 2C1ρη1u+C2ρη3α

]/
(mV )

(61)

b12 = [(
T − C1ρV 2

)
η1v

/
V 2 + 2C1ρη2u + C2ρη4α

]/
(mV )

(62)

b13 = −1 (63)

b14 = b15 = 0 (64)

b20 = −2(α − σ1αtr)σ1αtrv

/
K1 − 2(T − σ2Ttr)σ2Ttrv

/
K2 (65)

b21 = [(
T − C1ρV 2

)
η2u

/
V 2 + 2C1ρη1v − C2ρη5α

]/
(mV ) (66)

b22 = [−(
T − C1ρV 2

)
η1u

/
V 2 + 2C1ρη2v + C2ρη6α

]/
(mV )

(67)

b23 = b25 = 0 (68)

b24 = −1 (69)

wherein

η3 = 2u2 sin α + uv cos α + v2 sin α (70)

η4 = u2 cos α + uv sin α + 2v2 cos α (71)

η5 = 2u2 cos α − uv sin α + v2 cos α (72)

η6 = u2 sin α − uv cos α + 2v2 sin α (73)

Moreover, b3 j = 0 for all j , whereas

b40 = −2(α − σ1αtr)σ1αtrh

/
K1 − 2(T − σ2Ttr)σ2Ttrh

/
K2 (74)

b41 = (C1η1 − C2η2α)ρh V/m (75)

b42 = (C1η2 + C2η1α)ρh V/m (76)

b43 = b44 = b45 = 0 (77)

b50 = −2(α − σ1αtr)σ1αtrm

/
K1 − 2(T − σ2Ttr)σ2Ttrm

/
K2 (78)

b51 = [(
T − C1ρV 2

)
η1 − C2ρV 2αη2

]/
(m2V ) (79)

b52 = [(
T − C1ρV 2

)
η2 + C2ρV 2αη1

]/
(m2V ) (80)

b53 = b54 = b55 = 0 (81)

The five remaining CDEs result from application of the E–L con-
ditions for the λ1, . . . , λ5 freedoms. These conditions require that

2M j λ̈ j = ∂ F/∂λ j = f j , j = 1, . . . , 5, ti ≤ t ≤ t f (82)

However, f j = 0 for every j , and, therefore,

λ̇ j = λ̇ jc = (constant) j , j = 1, . . . , 5 (83)

From Eqs. (57) and (83), one has at t = ti

λ̇1c = b10i + b11i λ1i + b12i λ2i − λ3 (84)

λ̇2c = b20i + b21i λ1i + b22i λ2i − λ4i (85)

λ̇3c = 0 (λ3 = constant) (86)

λ̇4c = b40i + b41i λ1i + b42i λ2i (87)

λ̇5c = b50i + b51i λ1i + b52i λ2i (88)

in which the subscript c emphasizes that these derivatives are
constants.

Consider the �T and �α command functions. If the costate vec-
tor is null, �T = �α = 0. Thus, if σ1 = σ2 = 1, the guided vehicle
receives trim commands T = Ttr and α = αtr and, therefore, remains
at or transitions to its steady-state trim.

Ideally, the CDEs are computed only at the start of a maneuver.
If there is a change in the specified final states and/or specified final
time before an existing maneuver is completed, or if reinitialization
is needed because of system parameter change, a new two-point
boundary-value solution involving the CDEs may be invoked. (As
will be seen, the simpler process of costate-rate adaptation is usually
a satisfactory substitute for reinitialization.)

F. Transversality Condition
This paper considers the fixed t f form of the t f transversality

condition.21 If t f is fixed, δt f = 0, and the condition becomes

λ1 f δu f + λ2 f δv f + λ3 f δx f + λ4 f δh f + λ5 f δm f

+ 2

5∑
j = 1

M j λ̇ j f δλ j f = 0 (89)
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Without loss of generality, M1, . . . , M5 may be set to arbitrarily
small, positive-definite values, such that the summation term in
Eq. (89) is reduced to negligible influence on the transversality con-
dition. Now, if the final values of the trajectory states are specified,
leaving the maneuver fuel consumption (and, therefore, m f ) free
(subject, indirectly, to optimization during the initialization search),
one has

δu f = δv f = δx f = δh f = λ5 f = 0 (90)

which provide satisfaction of Eq. (89). From the requirement im-
posed on λ5 f by Eq. (90),

λ5i = −(t f − ti )λ̇5c = −(t f − ti )
(
b50i + b51i λ1i + b52i λ2i

)
(91)

IV. Costate Numerical Searches
A. Costate Initialization Search

A costate initialization search algorithm can be linked with a
trajectory simulation routine to null predicted final errors in h and
v and simultaneously minimize a measure of fuel consumption.
The initialization process must generally contend with multimodal,
multidimensional, nonunique search spaces having small radii of
convergence.

There is a considerable amount of literature on parameter space
search,15−20 but the problem of achieving rapid convergence in mul-
timodal spaces with small radii of convergence remains challeng-
ing. With a systematic search, if the grid size is made sufficiently
small to capture the desired solution, the number of search trials
becomes unacceptably large. Steepest descent algorithms can con-
verge rapidly (except in spaces of very high dimensionality), but
become trapped on inferior minima in a multimodal space. Uni-
form random searches will converge to the global minimum with
probability one; however, the number of trials required usually is
unacceptably large. With control of search trial variances, a random
search can be accelerated, but thereby loses its assured multimodal
capability.

A fundamental difficulty in accelerating convergence is that as
a search progresses it becomes less and less likely that subsequent
trials will locate a superior mode because the relative hypervolume
of regions that yield scores better than the current best becomes
smaller and smaller in comparison to the total search space. Ulti-
mately, there is an element of chance involved in finding a mode of
global quality with a single-thread, accelerated random search. Use
of parallel threads increases the odds that at least one thread will
find and converge within a suitable mode.

In the proposed algorithm, each of 16 threads is permitted a max-
imum of 250 probabilistically controlled random predictive trials
to find a promising mode in the search space and locate the ap-
proximate best point within that mode. Each thread endeavors to
satisfy acceptability criteria that require (1) operation above stall
speed, (2) maneuvering confined to specified altitude limits (zero to
12 km in this study), (3) no heading reversals, and (4) |he| < 10 m
and |ve| < 0.5 m/s, where he and ve are predicted final errors in al-
titude and vertical velocity. The first thread that achieves success
returns the four initialized costate values, λ1i , λ2i , λ3, and λ4i . [The
transversality condition, Eq. (95), provides λ5i as a function of λ1i

and λ2i .] When the acceptability criteria have been satisfied, the re-
mainder of the search is amenable to a predictive Newton type of
adjustment for fine tuning via costate-rate adaptation.

At the beginning of a costate initialization search, a supervisory
routine first computes the predicted score for the null-costate tra-
jectory and passes this information to the parallel threads, which
then proceed independently. Whenever an iterate within a thread
is found to satisfy the above criteria (1), (2), and (3), a trajectory
performance score is computed using the function

ψ = Q1|he| + Q2|ve| + Q3(mi − m f ) (92)

where Q1, Q2, and Q3 are nonnegative penalty weights and
(mi − m f ) is the predicted m loss (a surrogate for predicted fuel con-
sumption). The penalty weights in Eq. (92) are governed by logic
that implements the truth system in Table 2.

Table 2 Penalty weight truth system

|he| > 20 m? |ve| > 0.5 m/s? Q1 Q2 Q3

No No 0.01 3.0 0.3
No Yes 0.01 9.0 0.3
Yes No 0.04 3.0 0.3
Yes Yes 0.01 9.0 0.3

Fig. 1 Serial simulation results: parallel threads for initialization
search convergence.

After the start, there is no sharing of costate vectors and scores
between the multiple threads. Each thread uses its current best score,
denoted ψCB, with its related costate vector to compute standard
deviation (SD)n of the nth iteration from

(SD j )n = (λ j )n · (SF j )n · (ψCB)n (93)

in which (λ j )n is any of the four independent search variables and

(SF j )n is the scale factor

(SF j )n = 199/[99(n − 1) + 199] (94)

If (λ j )n = 0, it is replaced by 0.1 in Eq. (93).
The random trial perturbation at trial n is drawn from a normal dis-

tribution of mean zero and standard deviation dictated by Eq. (93).
This perturbation is computed independently for each component
of the costate vector, and the resulting perturbation vector is added
to the current best costate vector (denoted λCB). Thus, for the j th
costate at trial n,

(λ j )n = [(λCB) j )]n − 1 + N[0, (SD j )n], j = 1, . . . , 4 (95)

Within the preceding framework, each thread may be viewed
in simplified terms as opening with a random four-dimensional
multimodal exploration phase and closing with a random, partially
four-dimensional, partially two-dimensional, mode characterization
phase. The first phase lasts until five successful trials have been pro-
duced, or until n = 80, whichever occurs first. In this phase the search
perturbations are relatively large, albeit gradually diminishing. In the
second phase, the thread devotes approximately three-fourths of its
activity to the use of two-dimensional subspace searching, and the
remainder of its activity to searching in four dimensions. Moreover,
in the second phase (SF)n becomes small as n continues to increase.
For each trial in the second phase, a uniform random selection is
made among eight options. Six of the options represent two-at-a-
time combinations of the four independent variables, whereas the
remaining two represent four-at-a-time perturbations.

With multiple threads running in parallel, the initialization search
improves its odds of achieving an acceptable result. To evaluate
the parallel search, serial simulations were performed in which
the search was restarted and assigned a new random number se-
quence every 250 iterations. Figure 1 shows the histogram of results
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obtained in 40 independent multiple-thread costate initializations,
one-half representing 600-s ascents by the air vehicle from 2000
to 6000 m, and one-half representing 600-s descents from 6000 to
2000 m. The specified v f for all cases was zero. The histogram re-
veals that a single thread was sufficient for 32.5% of the 40 cases,
two threads for 47.5%, three threads for 75.0%, etc. Within the suc-
cessful threads, the average number of trials required to produce an
acceptable result was 141, and the median was 133. The average
number of threads required was 3.125, and the median was 3.

On culmination of the first thread search that is successful, the
supervisory routine invokes up to two costate-rate adaptation search
cycles (a maximum of seven predictions) performed using the algo-
rithm described hereafter. If none of the available threads reaches an
acceptable solution (which never occurred in the simulations per-
formed), the supervisory routine selects the best result from among
the multiple threads and proceeds with costate-rate adaptation. If
a solution after adaptation remains inadequate, reinitialization is
performed. Meanwhile, the maneuver starts with the best available
solution as an interim guide.

For some applications, scoring should be based on |xe| and/or |ue|
in addition to or in place of |he| and |ve|. More search trials may
be needed if the number of participating final states is increased.
Specification of only final altitude and vertical velocity does not
impose uniqueness on the associated initial costate vector, partly
because differently shaped trajectories can null a function of he and
ve. The additional ms − m f penalty contributes to (but does not
assure) uniqueness. It is not a significant retardant of search conver-
gence and has obvious merit from an operational standpoint. Unique
solutions for the initial costate vector are more the exception than
the rule. It is not unusual to find different costate vectors that pro-
duce trajectories almost indistinguishable from one another. In other
words, there are often multiple modes of acceptable quality in the
search space, which improves the odds of finding a suitable mode.

The perimeter Lagrange constants K1 and K2 were 1.0 and 0.2,
respectively, in all of the Fig. 1 searches and in the trajectory simu-
lations presented in Sec. V. The setting of K2 had a slight influence
on the rate of fuel consumption, which tended to increase for values
of K2 larger and smaller than 0.2. Also, fuel consumption was less
predictable for other settings of K2.

The costate-rate adaptation that completed the initialization
search readily compensated for residual predicted |he| and |ve| val-
ues less than 10.0 m and 0.50 m/s (convergence acceptance levels
for the random search threads). The 40 independent initializations
(Fig. 1) had the following statistics for predictions by the costate
initialization main search (before costate-rate adaptation)

he min = −9.48 m, ve min = −0.499 m/s

he max = 9.99 m, ve max = 0.496 m/s

he mean = 0.16 m, ve mean = −0.024 m/s

he standard deviation = 5.54 m

ve standard deviation = 0.323 m/s

and for predictions after costate-rate adaptation

he min = −0.98 m, ve min = −0.039 m/s

he max = 0.92 m, ve max = 0.099 m/s

hemean = −0.13 m, ve mean = 0.003 m/s

he standard deviation = 0.66 m

ve standard deviation = 0.022 m/s.

B. Costate-Rate Adaptation
Costate-rate adaptation completes the initialization search and

may also be used to provide midmaneuver compensation for small
stochastic disturbances and/or identified changes in system param-
eters. Thus, if valid new estimates of parameters are obtained dur-
ing a maneuver, a revised optimum path to go can be computed.

In particular, adaptation is appropriate for impairments, if iden-
tifiable, in vehicle maneuvering capabilities (generally related to
CA, CNα

, m, Tmax, and Tmin).
It has been found that adjustments of λ1 f and λ2 f are sufficient

for costate-rate adaptation. Adjusted values of λ̇1 and λ̇2 are readily
found at an adaptation time ta knowing λ1 and λ2 at ta and t f . The
search space for costate-rate adaptation can be regarded as unimodal
for the scale of adjustments needed. A bivariate Newton search is
suitable.

For small corrections in predicted final errors, he and ve, and small
perturbations in λ1 f and λ2 f , one has the first-order approximation[

δh f

δv f

]
= −

[
he

ve

]
=

[
a11 a12

a21 a22

][
δλ1 f

δλ2 f

]
(96)

wherein

a11 = ∂h f

∂δλ1 f

, a12 = ∂h f

∂δλ2 f

a21 = ∂v f

∂δλ1 f

, a22 = ∂v f

∂δλ2 f

(97)

The inverse of Eq. (96) may be written in a modified form,

δλ1 f = K (a22δh f − a12δv f )/D (98)

δλ2 f = K (a11δv f − a21δh f )/D (99)

in which K is an adaptive gain factor (discussed hereafter) and
D = a11a22 − a12a21.

The sensitivity coefficients a11, . . . , a22 are estimated at the time
of adaptation ta via a sequence of three predictions: First, a ref-
erence prediction of the pair h(0)

f and v
(0)
f is computed using the

prior best to date costate values λ
(0)

1 f
and λ

(0)

2 f
. Second, h(1)

f and
v

(1)

f are predicted using λ
(1)

1 f
= λ

(0)

1 f
+ δλ1 f and λ

(1)

2f
= λ

(0)

2 f
. Third, h(2)

f
and v

(2)

f are predicted using λ
(2)

1 f
= λ

(0)

1 f
and λ

(2)

2 f
= λ

(0)

2 f
+ δλ2 f .

When δλ1 f and δλ2 f are small, such as δλ1 f = 0.001λ1 f , and
δλ2 f = 0.001λ2 f , the estimates become

a11 = [
h(1)

f − h(0)

f

]/
δλ1 f , a12 = [

h(2)

f − h(0)

f

]/
δλ2 f

a21 = [
v

(1)

f − v
(0)

f

]/
δλ1 f , a22 = [

v
(2)

f − v
(0)

f

]/
δλ2 f

(100)

On convergence of the λ1 f and λ2 f estimates

λ̇1a = (
λ1 f − λ1a

)/
(t f − ta) (101)

λ̇2a = (
λ2 f − λ2a

)/
(t f − ta) (102)

In adjusting costate rates, the costates remain continuous.
To rule out premature termination of the predicted trajectory, pre-

dicted final error in time (t f )e is also defined. For the results of a
given search iteration to be accepted, predicted errors must not fail
the following rejection test

(|he| > |he|CB and |he| > |he|max) or

(|ve| > |ve|CB and |ve| > |ve|max) or

|(t f )e/(t f − ta)| > 0.001 (103)

The final values acceptability criterion used for costate-rate adapta-
tion is |he|max < 1.0 m and |ve|max < 0.1 m/s.

If the reference prediction, computed with a nominal 0.1-s inte-
gration interval at the start of a given adaptation search, is found
acceptable in terms of the rejection test, it is recomputed using the
0.01-s integration interval (for high accuracy in propagating the
solution forward) and the search is concluded. Otherwise (except
for completion of initialization searches) the λ1 f and λ2 f search
automatically performs a maximum of three cycles having three
predictions per cycle, plus (after the third cycle) a concluding high-
accuracy prediction. Thus, there are one, four, or seven predictions,
depending on satisfaction of the adaptation acceptability criterion,
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of which only one uses the 0.01-s integration interval. In flight, the
costate-rate adaptation may be performed as often as necessary to
maintain trajectory integrity, except that it should not be invoked in
the last several seconds of a maneuver. Costate-rate adaptation nom-
inally proceeds at intervals of �ta = 1.0 + 0.005tgo until tgo < 20 s,
when the rates are frozen. After identification of vehicle parameter
change, the interval is �ta = 1.0 s within the given maneuver.

K in the numerator factor of Eqs. (99) and (100) is a variable
step-size factor used to improve search convergence. At the start of
each adaptation process (comprising a maximum of three cycles), K
is set to 0.77. If the cycle is successful vis-à-vis the test in conditions
(103), K for the next cycle becomes 1.10; however, if the cycle is
unsuccessful, K becomes a normally distributed random number
having a mean value of 0.77 and standard deviation of 0.4.

V. Simulation Properties and Results
A. Simulation Properties

Nominal characteristics of a simulated notional unmanned aerial
vehicle (UAV) are listed in the Appendix. The trajectory simulations
for this vehicle employed fourth-order Runge–Kutta integration of
the equations of motion. Integration time steps of 0.1 s were used
for trajectory shooting and 0.01 s for refined calculations. Compar-
isons between results obtained with 0.1-s steps and steps as small as
0.001 s indicate that integration accuracy with the 0.1-s steps was
better than 1.0 m in final altitude and 0.2 m/s in final vertical velocity
for maneuvers of 1000-s duration. Accuracy with 0.01-s steps was
effectively the same as that obtained with 0.001-s steps.

All simulations were conducted with �1 = 0, σ1 = σ2 = 1,
K1 = 1.0, and K2 = 0.2. All trajectories began with the UAV in hori-
zontal flight trimmed for minimum steady-state thrust required, that
is, with V0, α0, and T0 determined from Eqs. (15–17) for given h0,
m0, and γ0. The vehicle was caused to remain in this trimmed initial
flight for 5.0 s before starting its maneuver to allow for costate ini-
tialization. Trajectories were simulated with total durations of 600,
900, and 1200 s; thus, the allotted time for initialization compu-
tations was between 0.4 and 0.8% of total maneuver duration. Ttr

and αtr for all simulations were computed from Eqs. (19) and (18),
which pertain to trim at minimum steady-state thrust required at the
local values of V, h, m, and γ , all of which usually varied along the
extremal paths.

In principle, initialization is predicated on estimates of states that
will exist at ts . (Here, the state estimation process was assumed to be
error free.) Costate-rate adaptation began 5.0 s after an impairment,
allowing time to estimate changes in parameter values. Costate-rate
adaptation was simulated in all trajectories using a varying interval
between adjustments of �ta = 1.0 + 0.005tgo s, except following
identified parameter impairment(s), when �ta = 1.0 s was used af-
ter new parameter values became known. [In the absence of distur-
bances (not simulated here) and impairments, the postinitialization
costate-rate adaptation had no significant effect.] Adaptation was
always frozen at tgo = 20 s. A delay of 5.0 s was provided following
vehicle in-flight parameter changes to allow time for parameter de-
tection and estimation before costate-rate adaptation. (No processes
were simulated for detection and estimation of parameter changes.)

B. Simulation Results
TPBV optimum trajectory simulation results are presented here-

after in the following categories: 1) ascents from 2000 to 6000 m
with maneuver durations of 600, 900, and 1200 s; 2) descents from
6000 m to 2000 m with maneuver durations of 600, 900, and 1200 s;
and 3) costate-rate adaptation for identified changes in vehicle aero-
dynamic parameters.

Figure 2 shows altitude profiles for representative ascent and de-
scent trajectories.

Figures 3 and 4 accompany the 600-s ascent trajectory of Fig. 2
and show V , γ , α, and T vs time.

Figures 5 and 6 accompany the 600-s descent trajectory of Fig. 2
and show V , γ , α, and T vs time. Note the action of the Tmin =
2000 N limit on thrust (dictated by presumed engine flame-out be-
low this limit). Mathematically, zero would be a preferable lower
limit for descent thrust. (In extreme maneuvers a negative thrust

Fig. 2 Altitude profiles for 600-, 900-, and 1200-s ascent and descent
maneuvers.

Fig. 3 V and γ profiles for 600-s ascent maneuver.

Fig. 4 α and T profiles for 600-s ascent maneuver.

Fig. 5 V and γ profiles for 600-s descent maneuver.
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Fig. 6 α and T profiles for 600-s descent maneuver.

Fig. 7 Costate-rate adaptation: altitude profiles with parameter im-
pairments at 60 s.

would be preferred by the variational solution.) A small, temporary
undershoot of h f (seen in Fig. 2) is an indirect consequence of the
Tmin limit.

Figures 4 and 6 show significant α and T changes in the interval
between 5.0 and 10.0 s following inception of the maneuvers. At
5.0 s, the initialization search releases its costate solution, and the
variational command functions react immediately. The α and T re-
sponses to command changes are rate limited (see the Appendix), but
on the compressed timescale of the graphs these responses appear
to be instantaneous. (A more detailed portrayal of initial transient
responses follows.)

Figures 7–9 pertain to a study of costate-rate adaptation used to
compensate for abrupt in-flight degradation of CA and CNα

. (It is
assumed that changes in these parameters can be detected and iden-
tified numerically.) As mentioned earlier a 5.0-s delay in starting the
costate-rate adaptation was simulated to allow time for estimation
of the values of changed parameters, and, subsequently, adjusted
costate rates were computed once per second until tgo < 20 s.

Figure 7 shows the altitude profiles of an impaired vehicle 600-s
ascent from 2000 to 6000 m and an impaired vehicle descent of the
same duration from 6000 to 2000 m. During the ascent, CA was
changed abruptly at 60.0 s from 0.025 to 0.0325, and, simultane-
ously, CNα

was changed from 3.0 to 2.1, that is, 30% impairments
were inserted. During the descent, CA changed abruptly at 60.0 s
from 0.025 to 0.030, and simultaneously, CNα

was changed from 3.0
to 2.4. (In the descent case, 20% impairments were used because
the vehicle could not perform its intended descent maneuver with
30% impairments when subject to the Tmin = 2000 N limit.)

Figure 8 shows the α and T commands for the first 120 s of the
600-s ascent maneuver of Fig. 7. The postinitialization and postim-
pairment transients are evident. Figure 9 shows the λ1 and λ2 behav-
ior for the same trajectory. Note that the costate rates were constants
from initialization (at 5.0 s) until the time of impairment induced

Fig. 8 Costate-rate adaptation: α and T with parameter impairments
at 60 s.

Fig. 9 Costate-rate adaptation: costates with parameter impairments
at 60 s.

adaptation (65.0 s), then changed in the course of costate-rate ad-
justments at 1.0-s intervals.

VI. Discussion
The primary goal of the investigation described in this pa-

per is realization of an improved indirect method for air-vehicle
TPBV trajectory optimization. Prior work in this area has been hin-
dered by convergence problems associated with costate initializa-
tion searches. These problems have arisen because of the following
related factors:

1) Costate instability can radically reduce the radius of search
convergence, producing attendant difficulty in searching and poten-
tially creating chaotic system behavior arising from small distur-
bances and/or small errors in system models.

2) The costate initialization search must contend with complex
multimodal search spaces.

3) Trajectory shooting for direct and indirect optimization meth-
ods is sensitive to errors in system dynamic models. For closed-loop
guidance, both of these methods require processes for in-flight pa-
rameter change detection and parameter estimation and are poten-
tially sensitive to unknown quasi-steady winds.

The approach offered in this paper addresses factors 1 and 2 with
a degree of success. Nevertheless, there are several areas within this
approach that need further investigation. Development of capabil-
ities for three-dimensional solutions will be important, including
solutions for motion relative to a rotating Earth. TPBV trajectories
that satisfy all components of the final-boundary state vector are
needed, and solutions when final states are prescribed via nonlinear
functions of state and time will be required for some applications.

There is a subtle topic that also needs attention. The present ap-
proach employs an iterative trim solution for α and T [Eqs. (18) and
(19)] that accepts externally supplied values of u and v (in the form
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of V and γ ). Because x f and u f are not specified for the costate ini-
tialization and costate-rate adaptation, optimum trajectories are free
to reach the final boundary with any velocity above stalling speed.
When x f and u f are not prescribed, it may be desirable to use a trim
solution that solves for V [such as iteration of Eqs. (15–17)], so that
final velocity is more tightly controlled.

Identification of vehicle parameter values and quasi-steady winds
are vital for predictive initialization and adaptation processes. In-
flight identification of parameters will be needed for closed-loop
guidance predicated on the proposed method. If winds and air den-
sity are known, aerocoefficients are not difficult to identify. How-
ever, the simultaneous solution for vehicle aerocharacteristics and
winds is ill conditioned and requires special care. Candidate tech-
niques include model matching17 and modified sequential least
squares.25 These topics have not been investigated in the present
study.

VII. Conclusions
For a significant class of integral performance indices, the E–L

necessary conditions of the calculus of variations require that the
rates of change of costates be constant between points of discon-
tinuity in the system dynamic model. With constant costate rates,
costate initialization searches benefit from increased radii of conver-
gence and simplified propagation of costates between boundaries.
Although the search performance response surfaces remain multi-
modal, it is feasible to use arbitrary first iterates in a probabilistically
controlled, multiple-thread, costate search algorithm for initializing
air-vehicle TPBV optimum trajectories. Consequently, collocated
analytical solutions, polynomial networks, and/or neural models are
not required to seed the solution. Costate-rate adaptation provides
a simple tool for solution refinement at the end of the initialization
search and for identified subsequent changes in system parameters.

Appendix: Nominal Parameter Values of Notional UAV
The following nominal parameter values are assumed for a no-

tional unimpaired unmanned aerial vehicle similar to the X-47A
(Ref. 26):

mi = 2000−3000 kg, depending on fuel and payload status

ṁT = −6 × 10−6 kg/s/N, Tmin = 2000 N (203.9 kgf)

Tmax = 20, 000 N (2039 kgf), |Ṫ |max = 1000 N/s

CA = 0.025, CNα
= 3.0/rad, S = 35 m2

|α|max = 30 deg, |α̇|max = 2.0 deg/s

At a nominal altitude of 6000 m, the notional UAV has a minimum
required thrust for trim in steady level flight of 4464 N (455.2 kgf),
for which αtr is 0.09167 rad (5.252 deg) and Vtr is 87.69 m/s.
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